We study the magnetic damping in the simplest of synthetic antiferromagnets, i.e. antiferromagnetically exchange-coupled spin valves in which applied magnetic fields tune the magnetic configuration to become noncollinear. We formulate the dynamic exchange of spin currents in a noncollinear texture based on the spindiffusion theory with quantum mechanical boundary conditions at the ferrromagnet|normal-metal interfaces and derive the Landau-Lifshitz-Gilbert equations coupled by the static interlayer non-local and the dynamic exchange interactions. We predict non-collinearity-induced additional damping that can be sensitively modulated by an applied magnetic field. The theoretical results compare favorably with published experiments.
I. INTRODUCTION
Antiferromagnets (AFMs) boast many of the functionalities of ferromagnets (FM) that are useful in spintronic circuits and devices: Anisotropic magnetoresistance (AMR), 1 tunneling anisotropic magnetoresistance (TAMR), 2 current-induced spin transfer torque, [3] [4] [5] [6] [7] [8] and spin current transmission [9] [10] [11] have all been found in or with AFMs. This is of interest because AFMs have additional features potentially attractive for applications. In AFMs the total magnetic moment is (almost) completely compensated on an atomic length scale. The AFM order parameter is, hence, robust against perturbations such as external magnetic fields and do not generate stray fields themselves either. A spintronic technology based on AFM elements is therefore very attractive. 12, 13 Drawbacks are the difficulty to control AFMs by magnetic fields and much higher (THz) resonance frequencies, [14] [15] [16] which are difficult to match with conventional electronic circuits. Man-made magnetic multilayers in which the layer magnetizations in the ground state is ordered in an antiparallel fashion, 17 i.e. so-called synthetic antiferromagnets, do not suffer from this drawback and have therefore been a fruitful laboratory to study and modulate antiferromagnetic couplings and its consequences, 18 but also found applications as magnetic field sensors. 19 Transport in these multilayers including the giant magnetoresistance (GMR) 20, 21 are now well understood in terms of spin and charge diffusive transport. Current-induced magnetization switching in F|N|F spin valves and tunnel junctions, 22 has been a game-changer for devices such as magnetic random access memories (MRAM). 23 A key parameter of magnetization dynamics is the magnetic damping; a small damping lowers the threshold of current-driven magnetization switching, 24 whereas a large damping suppresses "ringing" of the switched magnetization. 25 Magnetization dynamics in multilayers generates "spin pumping", i.e. spin current injection from the ferromagnet into metallic contacts. It is associated with a loss of angular momentum and an additional interface-related magnetization damping. 26, 27 In spin valves, the additional damping is suppressed when the two magnetizations precess inphase, while it is enhanced for a phase difference of π (outof-phase). [27] [28] [29] [30] This phenomenon is explained in terms of a "dynamic exchange interaction", i.e. the mutual exchange of non-equilibrium spin currents, which should be distinguished from (but coexists with) the oscillating equilibrium exchangecoupling mediated by the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction. The equilibrium coupling is suppressed when the spacer thickness is thicker than the elastic mean-free path, 31, 32 while the dynamic coupling is effective on the scale of the usually much larger spin-flip diffusion length.
Antiparallel spin valves provide a unique opportunity to study and control the dynamic exchange interaction between ferromagnets through a metallic interlayer for tunable magnetic configurations. 33, 34 An originally antiparallel configuration is forced by relatively weak external magnetic fields into a non-collinear configuration with a ferromagnetic component. Ferromagnetic resonance (FMR) and Brillouin light scattering (BLS) are two useful experimental methods to investigate the nature and magnitude of exchange interactions and magnetic damping in multilayers. 35 Both methods observe two resonances, i.e. acoustic (A) and optical (O) modes, which are characterized by their frequencies and linewidths. 36, 37 Timopheev et al. observed an effect of the interlayer RKKY coupling on the FMR and found the linewidth to be affected by the dynamic exchange coupling in spin valves with one layer fixed by the exchange-bias of an inert AFM substrate. 38 They measured the FMR spectrum of the free layer by tuning the interlayer coupling (thickness) and reported a broadening of the linewidth by the dynamic exchange interaction. Taniguchi et al. addressed theoretically the enhancement of the Gilbert damping constant due to spin pumping in noncollinear F|N|F trilayer systems, in which one of the magnetizations is excited by FMR while the other is off-resonant, but adopt a role as spin sink. 39 The dynamics of coupled spin valves in which both layer magnetizations are free to move has been computed by one of us 29 and by Skarsvåg et al. 33, 49 but only for collinear (parallel and antiparallel) configurations. Current-induced high-frequency oscillations without applied magnetic field in ferromagnetically coupled spin valves has been predicted. 40 In the present paper, we model the magnetization dynamics of the simplest of synthetic antiferromagnets, i.e. the antiferromagnetically exchange-coupled spin valve in which the (in-plane) ground state magnetizations are for certain spacer thicknesses ordered in an antiparallel fashion by the RKKY interlayer coupling. 41 We focus on the coupled magnetization modes in symmetric spin valves in which in contrast to previous studies, both magnetizations are free to move. We include static magnetic fields in the film plane that deform the antiparallel configuration into a canted one. Microwaves with longitudinal and transverse polarizations with respect to an external magnetic field then excite A and O resonance modes, respectively. 31, [42] [43] [44] [45] [46] We develop the theory for magnetization dynamics and damping based on the Landau-Lifshitz-Gilbert equation with mutual pumping of spin currents and spin transfer torques based on the spin diffusion model with quantum mechanical boundary conditions. 27, 47, 48 We confirm 28, 49 that the additional damping of O modes is larger than that of the A modes. We report that a noncollinear magnetization configuration induces additional damping torques that to the best of our knowledge have not been discussed in magnetic multilayers before. 50 The external magnetic field strongly affects the dynamics by modulating the phase of the dynamic exchange interaction. We compute FMR linewidths as a function of applied magnetic fields and find good agreement with experimental FMR spectra on spin valves. 31, 32 The dynamics of magnetic multilayers as measured by ac spin transfer torque excitation 30 reveals a relative broadening of the O modes linewidths that is well reproduced by our spin valve model.
In Sec. II we present our model for noncollinear spin valves based on spin-diffusion theory with quantum mechanical boundary conditions. In Sec. III, we consider the magnetization dynamics in antiferromagnetically coupled noncollinear spin valves as shown in Fig. 1(b) . We derive the linearized magnetization dynamics, resonance frequencies, and lifetimes of the acoustic and optical resonance modes in Sec. IV. We discuss the role of dynamic spin torques on noncollinear magnetization configurations in relation to external magnetic field dependence of the linewidth. In Sec. V, we compare the calculated microwave absorption and linewidth with published experiments. We summarize the results and end with the conclusions in Sec. VI.
II. SPIN DIFFUSION TRANSPORT MODEL
We consider F1|N|F2 spin valves as shown in Fig. 1(a) , in which the magnetizations M j of the ferromagnets F j ( j = 1, 2) are coupled by a antiparallel interlayer exchange interaction and tilted towards the direction of an external magnetic field. Applied microwaves with transverse polarizations with respect to an external magnetic field cause dynamics and, via spin pumping, spin currents and accumulations in the normalmetal (NM) spacer. The longitudinal component of the spin accumulation diffuses into and generates spin accumulations in F that we show to be small later, but disregard initially. Let us denote the pumped spin current J P j , while J B j is the diffusion (back-flow) spin current density induced by a spin accumula- tion µ s j in NM, both at the interface F j, with 27,51
where m j = M j / M j is the unit vector along the magnetic moment of F j ( j = 1, 2). The spin current through a FM|NM interface is governed by the complex spin-mixing conductance (per unit area of the interface) G ↑↓ = G r + iG i . 27 The real component G r parameterized one vector component of the transverse spin-currents pumped and absorbed by the ferromagnets. The imaginary part G i can be interpreted as an effective exchange field between magnetization and spin accumulation, which in the absence of spin-orbit interaction is usually much smaller than the real part, for conducting as well as insulting magnets.
The diffusion spin-current density in NM reads
where σ = ρ −1 is the electrical conductivity and µ s (z) = Ae −z/λ + Be z/λ the spin accumulation vector that is a solution of the spin diffusion equation
2 , where λ = √ Dτ sf is the spin-diffusion length, D the diffusion constant, and τ sf the spin-flip relaxation time. The vectors A and B are determined by the boundary conditions at the F1|NM (z = 0) and
with interface spin currents
Here
are the efficiency of the back flow spin currents, and g r = 2λρG r is dimensionless. The first terms in Eqs. (4a) and (4b) represent the mutual pumping of spin currents while the second terms may be interpreted as a spin current induced by the noncollinear magnetization configuration, including the back flow from the NM interlayer.
III. MAGNETIZATION DYNAMICS WITH DYNAMIC SPIN TORQUES
We consider the magnetic resonance in the non-collinear spin valve shown in Fig. 1 . The magnetization dynamics are described by the Landau-Lifshitz-Gilbert (LLG) equation,
The first term in Eqs. (6a) and (6b) represents the torque induced by the effective magnetic field
which consists of an in-plane applied magnetic field H, a microwave field h(t), and the demagnetization field −4πM s m 1(2)zẑ with saturation magnetization M s . The interlayer exchange field is J ex /(M s d F )m 2(1) with areal density of the interlayer exchange energy J ex < 0 (for antiferromagneticcoupling) and F layer thickness d F . The second term is the Gilbert damping torque that governs the relaxation characterized by α 0i towards an equilibrium direction. The third term, (2) , is the spin-transfer torque induced by the absorption of the transverse spin currents of Eqs. (4a) and (4b), and γ and α 0 are the gyromagnetic ratio and the Gilbert damping constant of the isolated ferromagnetic films, respectively. Some technical details of the coupled LLG equations are discussed in Appendix A. Introducing the total magnetization direction m = (m 1 +m 2 )/2 and the difference vector n = (m 1 − m 2 )/2, the LLG equations can be written
where the spin-transfer torques τ m = (τ 1 + τ 2 )/2 and τ n = (τ 1 − τ 2 )/2 become
and C = m 2 − n 2 , while
with
IV. CALCULATION AND RESULTS
We consider the magnetization dynamics excited by linearly polarized microwaves with a frequency ω and in-plane magnetic field h(t) = (h x , h y , 0)e iωt that is much smaller than the saturation magnetization. For small angle magnetization precession the total magnetization and difference vector may be separated into a static equilibrium and a dynamic component as m = m 0 + δm and n = n 0 + δn, respectively, where m 0 = (0, sin θ, 0), n 0 = (cos θ, 0, 0), C = − cos 2θ, and s = −ẑ sin 2θ. The equilibrium (zero torque) conditions m 0 × H = 0 and n 0 × (H + J ex /(M s d F )m 0 ) = 0 lead to the relation
where
is the saturation field. The LLG equations read
with linearized spin-transfer torques
To leading order in the small precessing components δm and δn, the LLG equations in frequency space become
The A modes (δm x , δn y , δm z ) are excited by h x , while the O modes (δn x , δm y , δn z ) couple to h y . The poles in δm (ω) and δn (ω) define the resonance frequencies and linewidths that do not depend on the magnetic field since we disregard anisotropy and exchange-bias.
A. Acoustic and Optical modes
An antiferromagnetically exchange-coupled spin valves generally have non-collinear magnetization configurations by the presence of external magnetic fields. For H < H s (0 < θ < π/2), the acoustic mode:
and the optical mode:
The additional broadening in ∆ A is proportional to α m and α A while that in ∆ O scales with α n and α O in. Figure 2 (a) shows α m and α n as a function of spacer layer thickness, indicating that α n is always larger than α m , and that α n (α m ) strongly increases (decreases) with decreasing N layer thickness, especially for d N < λ and large g r . Figure 2 (b) shows the dependence of α A and α O on the tilted angle θ for different values of d N . As θ increases, α A increases from 0 to α m while α O decreases α m to 0. The additional damping can be explained by the dynamic exchange. When two magnetizations in spin valves precess in-phase, each magnet receives a spin current that compensates the pumped one, thereby reducing the interface damping. When the magnetizations precess out of phase, the π phase difference between both spin currents means that the moduli have to be added, thereby enhancing the damping.
When the magnetizations are tilted by an angle θ as sketched in Fig. 1 , we predict an additional damping torque expressed by the second terms of Eqs. (4a) and (4b). Figure 3 shows the ratios α A (θ)/α m and α O (θ)/α n as a function of θ and g r for different values of λ/d N , thereby emphasizing the additional damping in the presence of noncollinear magnetizations. In Fig. 3(a,b) hand, in Fig. 3(c,d ) with λ/d N = 10, i.e. for an almost spinballistic interlayer, the additional damping is more important for the A-mode, while the O-mode is affected only close to the collinear magnetization. In the latter case the intrinsic damping α 0 dominates, however.
B. In-phase and Out-of-phase modes
When the applied magnetic field is larger than the saturation field (H > H s ), both magnetizations point in theŷ direction, and the δm (A) and δn (O) modes morph into in-phase and 180
• out-of-phase (antiphase) oscillations of δm 1 and δm 2 , respectively. The resonance frequency 53 and linewidth of the in-phase mode for H > H s (θ = π/2) are
while those of the out-of-phase mode are for the N|Co(Py) interface 56, 57 , and d F = 1 nm, for example. The colors in the figure represent different relative layer thicknesses d N /λ. The linewidth of the A mode in Fig. 4 (b) increases with increasing H, while that of the O mode starts to decrease until a minimum at the saturation field H = H s . Figure 4 (c) shows the linewidths for α 1 /α 0 = 10, which describes ferromagnetic materials with low intrinsic damping, such as Heusler alloys 58 and magnetic garnets. 59 In this case, the linewidth of the O mode is much larger than that of the A mode, especially for small d N /λ.
In the limit of d N /λ → 0 is easily established experimentally. The expressions of the linewidth in Eqs. (17) and (19) are then greatly simplified to
, and ∆ A ≪ ∆ O when g r α 1 ≫ α 0 . The additional damping, Eq. (10b) reduces to α m → 0 and α n → 2[γ /(4πM s d F )(h/e 2 )G r ] when the magnetizations are collinear and in the ballistic spin transport limit. 27 In contrast to the acoustic mode, the dynamic exchange interaction enhances damping of the optical mode. ∆ O ≫ ∆ A has been observed in Py|Ru|Py trilayer spin valves 32 and Co|Cu multilayers 30 , consistent with the present results. 
, G is the N|F interface conductance per unit area, and p the conductance spin polarization. 51 Here the spin diffusion efficiency is
where σ F , λ F , and d F are the conductivity, the spin-flip diffusion length, and the layer thickness of the ferromagnets, respectively. For the material parameters of a typical ferromagnet with d F = 1 nm, the resistivity ρ F = 10 µΩcm, G = 2G r = 10 15 Ω −1 m −2 , λ F = 10 nm, and p = 0.7, ξ F = 0.95, which justifies disregarding this contribution from the outset.
V. COMPARISON WITH EXPERIMENTS
FMR experiments yield the resonant absorption spectra of a microwave field of a ferromagnet. The microwave absorption t dP/dH power P = 2 h(t) · ∂ t m(t) becomes in our model
P depends sensitively on the character of the resonance, the polarization of the microwave, and the strength of the applied magnetic field. In Figure 5 (a) we plot the normalized derivative of the microwave absorption spectra dP/(P 0 dH) at different angles ϕ between the microwave field h(t) and the external magnetic field H, where P 0 = γM s h 2 15 Ω −1 m −2 ) for the interface have been adopted. 57 We partially reproduce the experimental data for magnetic multilayers; for the weak-field broadenings of the observed linewidths agreement is even quantitative. The remaining discrepancies in the applied magnetic field dependence might reflect exchange-dipolar 49 and/or multilayer 30 spin waves beyond our spin valve model in the macrospin approximation.
VI. CONCLUSIONS
In summary, we modelled the magnetization dynamics in antiferromagnetically exchange-coupled spin valves as a model for synthetic antiferromagnets. We derive the LandauLifshitz-Gilbert equations for the coupled magnetizations including the spin transfer torques by spin pumping based on the spin diffusion model with quantum mechanical boundary conditions. We obtain analytic expressions for the linewidths of magnetic resonance modes for magnetizations canted by applied magnetic fields and achieve good agreement with experiments. We find that the linewidths strongly depend on the type of resonance mode (acoustic and optical) as well as the strength of magnetic fields. The magnetic resonance spectra reveal complex magnetization dynamics far beyond a simple precession even in the linear response regime. Our calculated results compare favorably with experiments, thereby proving the importance of dynamic spin currents in these devices. Our model calculation paves the way for the theoretical design of synthetic AFM material that is expected to play a role in nextgeneration spin-based data-storage and information technologies. 
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and g r = 2λρG r is dimensionless. The fourth term in Eq. (A1) is the damping Eq. (A2) that depends on the relative angle ϕ between the magnetizations. When m j is fixed along the H i direction, i.e. a spin-sink limit, Eq. (A1) reduces to the dynamic stiffness in spin valves without an electrical bias. 60 When the magnetizations are noncollinear as in Fig. 1 , we have to take into account the additional damping torques described by the second terms in Eqs. (4a) and (4b,) . In the ballistic limit d N /λ → 0 and collinear magnetizations, Eq. (A1) reduces to the well known LLG equation with dynamic exchange interaction.
